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1. Introduction. The following situation is often encountered in real analysis:

One is given two o-finite measure spaces (X, 2, p) and (Y, X', v) and a “kernel”
K(x, ), a jointly measurable function on X x Y, and one considers the transform
Tf(x)= K(x, y)f(y) dy (for simplicity we write dy and dx for dv(y) and du(x))
and tries to prove ([ |Tf(x)|? dx)"*< M, ([ | f(x)|? dx)*'"® for all feL?, for cer-
tain values of p and q. We call this a (p, q) estimate for K.

We single out three classes of such results. First there are what we may call
“elementary” results which give conditions on K which only depend on its absolute
value and which hold for a set of p’s which is closed. Among these results are the
Young inequality for convolutions,
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and the following theorem of Hardy-Littlewood-Pdlya [10]:

THEOREM A. Let X=Y=(0, c0) with Lebesgue measure and suppose K is homo-
geneous of degree —1, i.e. K(ax, ay)=a~*K(x, y) for all «>0. Then |Tf ||, M| f|,
with M=[7 |K(1, p)|y=*"* dy provided this integral is finite. If K is positive this
condition is also necessary.

The methods generally used to prove ‘““elementary” theorems are Minkowski’s
inequality, Holder’s inequality, and the Riesz interpolation theorem.

The second class of results also give conditions on K which depend only on its
absolute value, but the conclusion is no longer valid for a closed set of p’s. An

example of such a result is the Hardy-Littlewood-Sobolev fractional integration
theorem [21]:

THEOREM B. Let X=Y=R", Euclidean n-space with Lebesgue measure, and
K(x,y)=|x—y|™™", l<r<oo. Then |TIf|SM,|f|l, where 1l/g=1/p+1/r—1,
l<p<r’. In fact, the same conclusion holds if K(x, y)=¢(x—y) where o€ L%,
i.e. measure {x : |p(x)| >} < M/o'.

These results, which we will call “positive kernel” theorems, are generally
proved using a splitting of functions according to the values they assume, and the
Marcinkiewicz interpolation theorem.
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Finally we have the deepest class of results in which the kernel is assumed to
have some cancellation property without which the conclusion is evidently false.
These are the singular integral theorems of Calderén-Zygmund and their generali-
zations. The proofs involve splitting functions according to the geometry of their
domain.

The purpose of this paper is to extend the above-mentioned theorems. In §2
we extend Theorem A to n-dimensions. In §3 we give a theorem in pure functional
analysis (no algebraic or geometric properties of the measure spaces are assumed)
which contains Theorem B and also allows the conclusion ||7f],<M|f|, in
some cases. In §4 we give a new way of obtaining variable kernel singular integrals.

Next we apply these results to the problem of convolutions in weighted L?
norms. Let X=Y be a locally compact abelian group with Haar measure (usually
R with Lebesgue measure), and let W(x), V(y) be nonnegative functions which
are finite and nonzero almost everywhere. We wish to find sufficient conditions
on h to have ([ [k *f(»)|*V(y)* dy)"* < ([ | /(x)|?W(x)? dx)"'". This is easily seen
to reduce to a (p, q) estimate for the kernel K(x, y)= W(x)~*h(x—y)V(y).

In §5 we establish an ‘““elementary” result analogous to the Young inequality
for convolutions. In §6 we discuss the fractional integration kernel A(x)=|x|~""
for the weights |x|%. This problem has already been solved by Stein and Weiss
[18]. The proof is long and “positive kernel” in flavor and omits the case p=1.
Our proof is short and “‘elementary ”, except for one use of Theorem B in the case
1/g=1/p+1/r—1. In §7 we consider singular integrals for the weights |x|*. Stein
[16] has considered the case of kernels which are bounded on the unit sphere. We
discuss what happens when this restriction is removed.

Finally in §8 we discuss the question: to what extent is Theorem B best possible ?

Similar problems have been considered by Krée et al. (see [2], [15] and the
bibliography there), apparently using different techniques.

We wish to thank Professor Stein for some helpful conversations.

We will use without special reference some standard theorems to be found in
[8] and [21].

2. “‘Elementary’’ results.

LEMMA 1. Suppose T,f=[ |K(x, y)|'f(y) dy satisfies a (q/r, q/r) estimate for some
g,r, 12r2q=o, r<oo. Then Tf=[ K(x, y)f(y) dy satisfies a (p,q) estimate for
l/g=1/p+1/r—1.

Proof. Suppose first g<co and | T,f] o< Mo| flar Note p/g+p/r'=1, hence

UK(X, ) dyl = fIK(x, W 1P S|P dy

i/r

= ([ rirone ) ([ 1Al )
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by Hélder’s inequality. Now | f(»)|""'® € L% hence

J([ e srisoes a)" ax s mer([ 7o) &)
Thus

[imeorrax s mor([170P &) ™ and 1771, = ML,

If g=c0 then p=r' and thus

A

sup ([ 1k 1 av) 111,

1A 15 sup (T 1) = M3"| f5,

[ K10 ]

sup
x

where 1 is the function identically one.

LEMMA 2. Suppose Mo=([ (J |K(x, y)|* dy)"™ dx)"'* <co. Then | If || ;< Mo| f1»-
Similarly if M,=(J ([ |K(x, p)* dx)"'* dy)"'*<co then |Tf|,SM.|f],. These
results hold for 1=p=<o0, 1=q<co if we replace the appropriate integral by an
essential supremum.

Proof. Note that M,< M, if g=p’ and M, < M, if p’=q, by applying Minkow-
ski’s inequality for the ¢/p’ or p’/q norm.
To prove the first half of the lemma we apply Holder’s inequality

1Tf(x)| =

[ Ko ax| 5 ([ 1k P &) 111

To prove the second half of the lemma we apply Minkowski’s inequality

|[xe v ] = [([ KG9t ax) sl &

and then Holder’s inequality.
The two halves of the lemma are dual and each may be deduced (for 1<p,
g <o) by applying the other to the adjoining operator

f KO, Dp(x) dx.

We come now to the full generalization of Theorem A to n-dimensions.

THEOREM 1. Let X and Y be open cones in R" (here a cone is just a subset closed
under dilations). Let r=|x|, x'=x/r, s=|y|, y'=yls, X'=XNnS""Y, and
Y'=Y N S""1, where S~ is the unit sphere in R". Let dx be Lebesgue measure
on R" restricted to X, and dx' be Lebesgue measure on S™~! restricted to X', and
similarly for dy and dy’. As usual we consider Tf(x)=j' K(x, y)f(y) dy. Suppose K
is homogeneous of degree —n; ie., K(Ax, \y)=A""K(x,y) for all A>0. Let
l=p=soo.



36 R. S. STRICHARTZ [February

Denote by K, the kernel K(x', sy’ on X'x Y'. If J' is any kernel on X'x Y’
denote by |J'||,., the norm of the associated operator [J'(x', y')p(y") dy’ from
LP(Y") — L*(X"). Then a sufficient condition for |TIf|,<M|f|, to hold is that

0 f IK:],05™" =2 ds £ M.
0
If K is positive then the condition

@

is necessary.

Proof. We have Tf(rx")= [ K(rx', ry)r"f(ry) dy=J' K(x', y)f(ry) dy by the homo-
geneity of K. Now

=M

p,p

f K(x', y')s™?' -1 ds
0

ﬂ fK(x’, sy )(rsy’) dy’

P
ax' < Kl [ 1fCsy)l dy

hence

fﬂ f K(x', sy )f(rsy”) dy’

p
rrtdrdy' s K3 (Il dyre dr
= K51 flI5s~™

14 1/p
dx)

P 1/p
dx) s*lds

Thus
117l = ([| [*ex. o905y dy'sn ds

< f(ﬂ fK(x’, sy) f(rsy’) dy'

< [1Klps~ 20 11y~ ds

by Minkowski’s inequality. This proves the first assertion. For the second assertion
we consider the function f(y)=x(s)s~™?*¢p(y’), where y is the characteristic
function of (0, a), ¢>0, and ¢ is an arbitrary positive function in L?(Y"). We com-
pute | f],=(ep)~*a’|¢|,. Now

Tz [ P ds
1 alr
=f f f f K(x', sy")s=mieresn=lp(y’) dy’ ds
0 X’ 0 Y’
1 a
;f j f f K(x', sy)s™ =1 +2g(y") dy’ ds
0 X 0JY’
- [ |f [ j K, sy')s"'p'-mds]qo(y') dy
X’ Y’ 0

Suppose we had |Tf|,= M| f],. Then we would have

J.

P
re?=tdx' dr

4
ree= dx’ dr

V4
dx’.

P
dx' £ a®*M”|e|3.

f [ f " K, sy)smr-ite ds] o) dy’
Y’ 0
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We first let e — 0 and apply the monotone convergence theorem for s<1 and the
dominated convergence theorem for s>1 to obtain the above expression with
e=0. Note that the right side is then independent of a, so we may let ¢ — oo and
apply the monotone convergence theorem to obtain

" K )5 ds |90 dy
LALLL ]

Taking the supremum over ¢ with |¢|,<1 we obtain the desired result.
The proof must be modified in a routine manner for the case p=co.
We may combine Lemma 1 with the theorem to obtain

P
dx' = M?|e|3.

COROLLARY 1. Let X and Y be as above, and suppose K is homogeneous of degree
—nfr, for some r, 1=r<oco. Suppose [ | |K|"|grqrs™® "2 ds=M"<o0. Then

1Zf = M1 115

For the applications it is desirable to have some specific consequences of Theorem
1. In what follows we take X=Y=R™. It is convenient to introduce the group of
rotations SO(n). If we pick a “north pole” x, € S™~* then every function f on R
can be lifted to a function f on (0, ) x SO(n) by the rule f(r, R)=f(rR(x,)). In
this way we get all functions on (0, c0) x SO(n) which have the invariance property
F(r, RRy)=f(r, R) for every R, € SO(n) which satisfies Ro(xo) = x,. If dR is the Haar
measure on SO(n) we have

[was=["[ fo o ara
R" o Jsom

If we now define a kernel K, on SO(n) x SO(n) by K,(R, S)=K(R(x,), S(')) we
have |K{|,.,=|K,]l, Where this last expression is the norm of

[ Rk sws) as
SO(n)

as an operator on L?(SO(n)). Thus (1) becomes [ | K, ,/y|~"? dy<M and
(2) becomes | [z K,(R, S)|y|"?|,,<M. In the case of spherical convolution
these two coincide:

COROLLARY 2. Let K(x,y) be a kernel on R"x R which is homogeneous of
degree —n and such that K(x, y) depends only on |x|, |y|, and |x—y|. Then

©) [ Ko 1517 dy < M < o0

is sufficient for |Tf|,< M| f|,. If K is positive then (3) is also necessary.

Proof. That K(x, y) depends only on |x|, | y| and |x—y| is equivalent to the fact
that K,(RT, ST)=K,(R, S). Thus [, KR, $)p(S) dS= [0 Ru(I, SR-1)p(S) dS
= [som Ky, S)p(SR) dS, a convolution on SO(n). Thus

Rlos s [ IRM S dS = [ |K(Ke, SOD dS
SO(n) SO(n)
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whence we deduce (3) is sufficient. If K is positive then jl?y(R, S)|y|~MPdy is a
positive convolution kernel hence its operator norm is exactly

[[ &)1 y1ay s = [ Koo, )1y1- .

We may use the proof of Corollary 2 to obtain a characterization of all positive,
bounded, linear operators on L?(R™) that commute with dilation and rotation:

COROLLARY 2'. Every bounded linear operator U: LP(R") — LP(R™) which is
positive and commutes with rotations and dilations has the form Uf(x)= [ = /() du.(»),
where p,. is a family of positive measures depending measurably on x #0 and satisfying

(1) pax(A"E)=p, (E) for every A>0, and every measurable set E.
(1) ppx(R™1E)=p,(E) for every R € SO(n) and every measurable set E.

(i) fzn |¥|™™" dpso()=M <0 for some x,€ S"~*. The norm of the operator
is then exactly M.

Proof. A slight modification of the proof of Corollary 2 shows that every such
p~ defines an operator with the desired properties. For the converse we must
regularize U, applying Corollary 2 and extract a weak* limit. This is a routine but
tedious argument, so we omit the details.

Finally, we may combine Lemma 2 with the theorem to obtain

COROLLARY 3. Let K be a kernel on R"x R™ which is homogeneous of degree
—n and such that either

@ L" |y|‘"’P(LO(n) U:soo-) |K(R(xo), SN dS] - dR)llp =M< oo,
or
©) fR,, Iyl-n/p( J’som [ fs o KRG, SODIP dR]pl“’ ds)l,,,, o

Then |Tf |, = M| f1,.

3. A “‘positive kernel”’ result. Lemma 2 gives sufficient conditions for an
operator to satisfy a (p, q) estimate in terms of a mixed-L? (in the language of [3])
estimate on the kernel. If we have two such estimates holding (usually one involving
M, and one involving M;) then we may use the Riesz interpolation theorem to
obtain new results. This is in fact given as an exercise in Dunford-Schwartz
[8, Volume 1, p. 530]. In the next theorem we give a stronger version of this result
in which the mixed-L? estimates on the kernel are replaced by what we may call
mixed-weak-type-L? estimates. The conclusions are the same for interior (p, q)
points, but not for the endpoints.
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THEOREM 2. Suppose there exist exponents ro, ry, So, i and constants My, M,
with 1 <rg, r, <00, 1 <5o<00 and 0< s, <00, ry <, such that:

m{x : |K(x, )| Z t} = A(p, 1) £ (@o(p)/2),

m{y : @o(y) Z u} £ (Mofu)yo  [po(y) £ M, if 5o = 0],
m{y : |K(x, p)| 2 t} = A(x, 1) S (@(x)/1),

m{x :@i(x) Z u} £ (Myfuys  [gy(x) £ M, if 5, = o0].

Then |Tf | = M| fl, for all (p, q) of the form 1jp=(1—7)[sg+7/r1, 1/g=(1—7)/ro
+7/s, with0< =< 1 and such that p<q. The constant M depends only on My, M, s,
S15 Fos I'15 7.

Proof. We shall prove the corresponding weak-type estimate m{x : |Tf(x)| = ¢}
S(M||f|p/t)® for all such (p,q) without the restriction p<q. The result then
follows from the Marcinkiewicz interpolation theorem.

Let «, B and y be functions of ¢ to be determined later. Assume for simplicity
that fand K are nonnegative, and || f||,=1. Let f=f,+f, where

Sox) = f(x), iff(x) =B,
=0, otherwise.
Let K=K, + K, where
Ko(x, y) = K(x’ y)a if K(xa }’) S e
=0, otherwise.

Let T.f(x) = [ Ki(x, )fo(y) dy, Tof(x) = [ Ko(x, Y)f(y) dy and Tof(x) =
 Ki(x, »)fi(y) dy so that T=T, + T, + T5. It suffices to prove the weak type estimate
for Ty, T, and T separately. We use throughout the following identity: if A (u)
=m{x : |g(x)| 2 u} then [ |g(x)|? dx= g pA(u)u®~* du.

Now

T, f(x) < B f Ky(x, ) dy = B f:’ A(x, £) dt
< B, () f "t =

4

)’1a1 -1

since r; > 1. Thus we have, for s, <0

m{x : T1f(x) 2 t} £ m{x : @y(x) 2 tVB-1rgl =1 (] —p)~1n}
< (Mot~ 1mplinglin =1(1 —p)tm)yn,

Next
12 s ([Koe 7 @) 11, 5 ([ (22) 02 )™

= - (Plxrlpa'rlp
P“"l)
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since r, <p’. Thus we have, for s, <o

4 -1/r
mix : Tof(x) 2 1} S m{x : gy(x) 2 t"”’*“"”""(p,” r) }
-

(M P piT -1 P_’ 1"1)31 .
1 p/ —r

A

Finally, to estimate T5f choose w=1 so that rop’/so<w<r, This is possible
since ro> 1 and p’ <s,. Then, by Minkowski’s inequality

7l s [ (Ko ax) 1)
[ (2 )

o

1w
= f¢o(y)'°’”(wlvro) ot ~To/Mfi(y) dy.

We introduce a new parameter y, depending on ¢, and split up this last integral
according as @o(y)<y or po(y)>y. We have

© ( My\SotTo? w=1 p p' Up’
[ woresma s (] (%) o )
®o(¥) > v y

t w

\1/p’ ! -1/p’
AT I ,
M (B (B msy) " e

A

since rop’/w < s,. Thus we can estimate

w
w—ro

1Tl 5 (2) - wweyo (£ ay

" 1/p’ ' -1/p
+ Mgolp’(r oP ) (" ol So) ,yro/w-solp']
w w

< Clocl - rolwﬁl “’y"o/w + C2a1 —rolwyrolw —solp'Mgolp'

1w 1w \1/p’ ! 1/p’
e A e e M G B G
w—r, 1—p w—r, w w

Finally we have

mix : Tof(x) 2 t}

where

lIA

al

= w[CIal - rolwlgl - p,yrolw + Czal - rolw,yro/w - solp’Mgolp’]w.

I\

Now we must choose ;8 and y as functions of ¢ so that all three estimates become
aconstant times £ =% If we set «P “1/") ~s1=¢~1*7'1/7) and B= (/1) ~ ¥ then we have

mix s Tof(x) 2 1} S Mi(1—ryyame=e
and

’ s, r
mix : Tof(x) 2 1} < Mfl( P ) ‘e
P —n
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Finally set y=8®"%0®- We then have

m{x : Taf(x) > t} < (Cl + Mgolp’cz)wt —wow —rolg(l =Pw+(rgp’Iso)p —-1)
= (Cl + Mg/p’c2)warop'/so =Tof=ToP'Isy,

Thus p and ¢ must satisfy the identity

—asrn SV oy ) = =g+ TV (5 —s ),
( a+p r1)(sop ro) ( atr so)("lp S1)

which follows from 1/p'=(1—7)/s¢+ 7/r1, 1/g=(1—7)/ro+ 7/s5.
It remains to indicate how the proof is modified in case s, =00 or s, =0. If 5; =00,
we have

Tof(x) S —— M1l s
1 - rl
and

’

1p
Tzf(x) < ( - ) M{ll”'al"l“".
p—n
We now choose
ro\p
e = () g = g
p—n

1

1—r1

so that m{x : T, f(x)=t}=m{x : T, f(x)=Zt}=0. We then handle T;f by a suitable
choice of y. If s,=00 then

w
W“ro

1w
"Taf"w é M(’;o/w( ) al—rolw"fl"l — ClMsolwal-rolwlgl-p.

Thus
m{x : Tsf(x) = t} £ t7PCYMGoa?~TofL=P% = C'q™ "0

and the proof proceeds as before. Note, however, in this case we have the weak-
type estimate holding for p=1, g=r,.

REMARK 1. Theorem B is contained in the above theorem if we let ro=r;=r,
so =15, =00. Of course the proof given above was modelled on one of the proofs of
Theorem B, so we do not have a new proof of this result.

ReEMARK 2. Theorem 2 is incomplete in the following respect: if we consider
for fixed p and g the set of all kernels which satisfy a (p, g) estimate as a conse-
quence of Theorem 2, this set is not closed under addition. In other words, to
apply Theorem 2 we may first have to split the kernel into a sum of several others,
and then apply the theorem to each part with different values of ry, ry, o, 51. This
suggests that there may be a more general result that contains Theorem 2.

REMARK 3. The case s,=s5, =00 has been announced by Krée [15].

4. Variable kernel singular integral operators. In this section we change our
notation to conform to that of singular integrals. We will consider operators
Sf(x)=[g H(x, »)f(x—y)dy on functions defined on R", or more generally
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operators S,f(x)=[,, 5, H(x, y)f(x—y)dy such that S.f— Sf in some sense
although Sf does not exist as an absolutely convergent integral.

The first results of Calder6n-Zygmund [5] dealt with kernels H which are
independent of x, homogeneous of degree —n, and have mean value zero on the
sphere. For such kernels, under additional mild hypotheses, ||S.f|,<4,|f], and
S,f— Sfin L?, for 1 <p<oco. Later [6], [7] they consider kernels H(x, y) which,
for each x, are homogeneous of degree —» in y and have mean value zero on the
sphere; similar results are proven for these kernels.

Here we take up the study of variable kernel operators from a new point of
view. Our results partly overlap with those of [6], [7], but neither contains the
other.

The idea is to consider the auxiliary vector-valued operator

S = [H@ )= .

which sends scalar valued functions on R" into functions of x taking values in
some space B of functions of 7. We then use the vector-valued singular integral
theory to obtain an estimate [ ||S*f(x)[3 dx=< 45 [ |f(x)|” dx. If we choose B so
that all functions in B are bounded and continuous, with |g(7)| < M| g| 5, we may
set t=x and obtain ||Sf|,< MA,|f|,. For technical reasons it is convenient to
have B a Hilbert space. This suggests taking B to be the Sobolev space H™(R")
for m>n/2. We shall take m an integer to simplify the statement of our results.
Thus in the sequel m is the smallest integer greater than n/2.

LEMMA 3. Suppose that for almost every x, H(x, y) € L. Denote by H(x, 1) the
Fourier transform in the y variable (hence H(x,n), for almost every x, is in L?).
Suppose

(1) [](@/ox)*H(x, 7)|? dx< M2 <o for all n€ R" and all « with |«|<m. Then
ISfll2< CuM || fll2 for all f€ L.

Proof. Note that for almost every 1, S*/(x)= [H(t, y)f(x—y) dy is well defined
as an absolutely convergent integral for every x. Now by the Plancherel theorem
for Hilbert-space-valued functions

[isrezax = [isn @l & = J1ac o3 e

-2

< caM? [/ de = CLa?I 113

(&) Ac. o afer

But by the Sobolev inequality (see [1])
IS = | [ Hx =3 dy [He - @]

Combining the two inequalities we obtain the desired result.

=G
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THEOREM 3. Suppose that in addition to the hypotheses of Lemma 3, H also
satisfies

() supy fx 20y (J1@/20)*H(t, x+y)—(8/01)*H(t, X)| dt)'* dxs M < oo for all
o, || Sm, and some fixed c. Then ||Sf|, S A,M | f|, for 1 <p<co.

Proof. As before it suffices to show ([ |S*/(x)|3 dx)'*< 4,M | f||,. But by the
vector-valued singular integral theory [3] this is a consequence of the L? estimate
and

(3) supy [ s zciw 1H(, x+y)— H(-, x)| s dx< M which is just a restatement of

).

COROLLARY 1. Suppose H(x, y)=Q(x, y')/|y|"* where Q is a kernel on R*x S™~*
which for each fixed x is integrable and has mean value zero on S"~*. Suppose
Q,=(0/0x)*Q, |«|<m, exists in the distribution sense as a bounded function once
continuously differentiable in the y variable, such that

@ [ sup, |(9/0y)Qu(x, ¥)|2dxSM2<0 for j=1,...,n Let S,f(x)=
Jiw1>¢ Hx, p)f(x—y) dy. Then

@) [|Seflp=A4,)fll,» 1<p<oo, where A, depends only on p, M and the bounds
for Q,.

(b) There exists Sf € L? such that S.f— Sf in L*.

Proof. Let o(x, y)=1if |y|= 1, 0 otherwise. Let H,(x, y)=¢(x, y)H(x, y).
We will show that H, satisfies (1) and (2). The corollary then follows from the
standard singular integrals arguments (see [5], [17]).

Now
(& i = (& n)

is the Fourier transform of ¢(x, y)Q,(x, y')/|y|*. Now Calderén-Zygmund [6]
show that this is a bounded function provided Q, is in some L class for p > 1. Thus,
in particular |(8/0x)*Hy(x, )| £ C(fgn-1 |Qu(x, ¥)|? dy’)*'* hence

) J|G2) A

Now since Q,(x, y) is continuous in y" and has mean value zero on the sphere, it
must vanish at some point, hence

2
dx < C? j f 1Qu(x, )2 dy dx.

© [oareceyrarsc s

® 9,0 ay
7 24X,
oy; " l 7

(see [1, p. 73]). Combining (4), (5), and (6) we obtain (1).
Next consider (2). By the mean value theorem

(8- 00] < 1 05

< |yl
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for some x, on the segment between x and x+y. But

0\* _ Q,(t, xo)
|yl Vx(a_t) H(t’xo) - lyl Vx lxoln
2 0
<c su — Q. z) | |x]~"?
se Xl s |2 0|
if |x|= 4| y|. Thus
0 \¢ o\¢* 2 1/2
( j l (a_t) H(t, x+ y)—(g) H(t, %) dt)
a 2 1/2
< ¢yl I [sup | 2 0ute 20| a)
2 3ZJ~
S IMlyl x|t

and [\.zap [ Y] [¥] 7" 7* dx=4, proving (2).

REMARK. These results may be carried over to singular integrals with mixed
homogeneity [9]. Similar results are given there using the spherical harmonic
decomposition introduced in [7]. Our results are different in that they require
more smoothness in the first variable but less smoothness in the second variable.
More precise techniques are available in the ordinary homogeneous case [6] which
give better results than our corollary. These methods, however, seem to be special
to this case.

We can also prove variable kernel Marcinkiewicz multiplier type theorems using
the same ideas. We give one example using the Hormander version, although we
can evidently obtain similar results using other variants of the Marcinkiewicz
theorem [17].

THEOREM 4. Suppose ¢(x, y) is a bounded function on R™ x R™ such that

O A L

independent of r, for all o, B with |«|<m, |B|<m. Then the transformation Uf(x)

={ @(x, ) f(»)e~2"*V dy, originally defined for fe & satisfies |Uf|,< A,M||f],
for 1 <p <o, hence can be extended to all L? with the same inequality.

2
dxdy = M < @

Proof. As before we consider U*f(x)={ o(t, y) f(y)e=2"*v dy as a vector-
valued multiplier with values in H™(R"). The condition (7) is just what is needed
to apply the vector-valued version of Hormander’s theorem [3, Theorem 8]. We
then set =x and use the Sobolev inequality to get the desired estimate for Uf.

5. Convolutions with weighted norms. We consider nonnegative functions on
R™ which are positive almost everywhere. These will be denoted w or v and referred
to as weight functions. We denote by L?(w) the space of functions f satisfying
far [ /(O)|Pw(x)? dx=MP? <co with the norm |f]|,,=M. L*(w) is the space of
functions f with fw e L*. We will use:
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INTERPOLATION THEOREM [19). If a linear operator T satisfies -|Tf ¢ 0,
M| f o, Sfor i=0, 1, then T satisfies ||Tf|ow< M3 ~*M{| f|,,0 for 1/p=(1—1)/po
+1/p1, 1/g=(1—=1)/go+ /g, w=w§~'wi, v=0v§ "} and 0st= 1.

For simplicity we assume that all weight functions are symmetric; i.e., w(—x)
=w(x).

PROPOSITION 1. Let T be a linear operator which commutes with translations and
satisfies an estimate |Tf |4 < M || fllp.0» 15p, g< 0. (a) Then T is convolution with
a tempered dstribution ®. (b) T also satisfies the estimate | Tf | sy 00 S M | f | ety 00
Jor 1/g()=(1—-1)/g+1/q", 1/p(t)=(1=1)[p+t[p’, w(t)=w' """, v(t)=v*"tw™* and
0=t=1. (c) If T is positive then it is convolution with a positive, locally bounded
measure u: Tf(x)=j~ Sx=y)duw(y). (d) If p=q and w=v then u is a bounded
measure and T satisfies the estimate |Tf |, =S M| f|, w for (1/r, ) in the closed
parallelogram in R? bounded by the points (1/p, 1), (1/p', —1), (0, 0) and (0, 1). In
particular |Tf | e S M| fpwe for 12e=1—p.

Proof. The first assertion is an exercise in distribution theory (see Hérmander
[11] for the unweighted case).

Consider the standard pairing <, g> = [ f(x)g(x) dx. Under this pairing the dual
space of LP(w) is L¥(w=1). If T* denotes the adjoint of T then |T*f|, ,-1<
M| fll¢ 1. But T* is just convolution with ®(—x). Since v and w are symmetric
T must satisfy the same estimate as T*. Assertion (b) now follows by interpolation.
Assertion (c) is merely the fact that a positive tempered distribution is a positive,
locally bounded measure.

If p=q and w=v then, setting r=1 in (b), we obtain |Tf|.< M| f|.. It is well
known that for positive T this implies ||u| < M (to see this take fto be the charac-
teristic function of a large ball) hence |Tf|,=M|f|, and |Tf|oSM|f]«.
Assertion (d) now follows by interpolation.

PROPOSITION 2. Let u be a positive measure such that ux w< Mv almost every-
where. Then | % f o 1935 < M | f, 9, for p, 15 pSco,

Proof. We prove this for p=1 and oo and then use interpolation. For p=o0
the result is trivial. For p=1 we have

[l ol ax = f f |fGe= )W) du(y) dx
= [17601 [wix+9) dut) e < [ 7@l dx

using the symmetry of w and v.
There is also a direct proof using Holder’s inequality which we leave as an
exercise.

6. Fractional integration with weighted norms. In this section we consider the
transformation I, f(x)= [ = f(x—y)| y| ~* dy for A, 0<A<n.
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THEOREM 5 (cf. [18]). I, is a bounded transformation from L?(|x|%) to L%(|x|~*)
provided o+B20, o+B+A=n/p'+nlq, —nlp<a<nlp’, —n/qg'<B<n|q, and
1=p=<q= o, except if «+B=0 we require | <p=<g<oo.

Proof. Only the case «a+8=0 is nonelementary. If «+8>0 it suffices to prove
the special case p=¢. For, by Lemma 1, it suffices to show that the kernel
| |¥]=%x=y|~2|x| 8 [M@*8+N satisfies a ((«+ B+ A)g/n, («+ B+ A)g/n) estimate, i.e.
IAn/(a+ﬁ+)\) is bounded from L(a+ﬁ+A)qln(|xlan/(a+ﬁ+)\)) to L«+8 +)\)qln(|x| —Bnl/(a+B +A))'
Note the conditions on the parameters are again satisfied, with «+8>0 required
to keep Mf(e+B+A) <n.

Now if p=gq the kernel | y| ~*|x—y| ~*|x| ~# is homogeneous of degree —n since
o+ B+ A=n. Thus Corollary 2 of Theorem 1 applies and gives an exact bound of
{ |xo—y| 2 y| %" dy for any x, € R* with |x,|=1. This integral is finite pro-
vided A<n, a<n/p’ and n/p’—A<e, and these conditions are equivalent to those
given in the statement of the theorem.

It is also possible to prove the case p=g from Proposition 2 of §5 and inter-
polation using the ““semigroup property” of I,, namely I, o I;=1I, provided «+p
—y=nand 0<e, B, y<n. We leave the details as an exercise.

If «+B=0 then A=n/p’+n/q and we have, by the usual fractional integration
theorem (Theorem B) that |x—y|~? satisfies a (p, q) estimate. Thus it suffices to
show |y|flx—y| x|~ —|x—y|=*=|x—y| 21— |y|?/|x|*) satisfies a (p,q) esti-
mate. This result is again elementary. By Corollary 2 of Theorem 1 and Lemma 1
it suffices to show

[ Ixa=y1=r1=1ypely iyl = dy = o < o

The singularities of the integrand near y=0 and y=o0 are integrable provided
njg—A<B<n/q. Near x, we have |1—|y|?|Scslxo—y| hence the integrand is
O(]xo—y|~™*™*) and is integrable for all B.

7. Singular integrals in weighted norms. Here we consider singular integral

operators
6 =lim [ -y 2 gy
=0 Jiyl>e¢ ]

where Q is homogeneous of degree zero, integrable on the sphere with mean value
zero, and such that the even part Q(y)+Q(—y) is in L log L*(S™~1). The funda-
mental Calder6n-Zygmund inequality [6] [Sf|,<A4,|f|, for 1<p<oo was
extended by Stein [16] to ||Sf s, 1x1*= Ap.e| fllp,1x1¢ for —n/p<e<n/p’ under the
additional hypothesis that Q be bounded. His proof uses the Calderén-Zygmund
inequality and a lemma which is a consequence of our Corollary 2 of Theorem 1.

For the range —1/p<a<1/p’, Krée [14] shows that no additional assumptions
on Q are necessary. His method is to use the corresponding fact for the Hilbert
transform and follows quite closely the Calderén-Zygmund argument in [6].
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Because the assumption —1/p<e<1/p’ is necessary for the Hilbert transform

result, this suggests that outside —1/p<a<1/p’ it will be necessary to impose

additional hypotheses on Q. In fact this is the case, as the following example shows:
In R?, let ¢ be the characteristic function of the infinite rectangle

O0={x21-1=2x; 1.

The functions we consider are f;(x)=x%)(x). Now Q is a function on the circle
x3+x%3=1, which we parametrize in the usual way x,=sin 6, x,=cos 6. Let Q
be odd and nonnegative on the left half-circle x; 0.

We compute || f] 5.2 <00 if and only if 8 < —a—1/p. Suppose |x| <4. Then for
e<% we have

s = e = [ [ j:lzf(x—(r, 0)Q6) dr/r.

Note that the integrand is positive. For fixed 6 sufficiently near =, the ray x—(r, 6)
intersects the rectangle Q on a segment whose projection on the x;-axis extends at
least between 1/(2|6—=|) and 3/(4|6—=|), along which the function fy(x)=x*
>4r~4. Thus the integral above is at least

n+e 3/(416 - =) n+s
ﬁ Q(e)f P81 dr df = cj Q(6)|6— | -4 db.
n-¢ 1/(216 - al) n-¢
If B>0 this integral is not finite for all Qe L? unless g>1/(1—B), i.e. unless
1/g< 1+ o+ 1/p. Thus for this to hold for all «, —1/p= > —2/p requires 1/g<1/p’.
By the usual duality argument we obtain the condition 1/g<1—a+1/p’, which
for « in the range 1/p’ <« <2/p’ implies 1/g< 1/p. Thus we see that, in 2 dimensions,
Stein’s result cannot be strengthened beyond replacing Qe L® by Qe L? for
g=max {p, p'}. However, as the following result shows, this condition is roughly
sufficient.

THEOREM 6. Suppose q>2(n—1) and Q € L(S™~*) with mean value zero. Then

s =tim [ fe-p SR gy

=0 Jyl>e [yl
is a bounded operator on L?(|x|*) for —n/p<a<n[p’ and q'<Sp=<q.
Proof. Since we already have a (p, p) estimate for the kernel Q(x —y)/|x—y|™ it
suffices to establish a (p, p) estimate for Q(x—y)|x—y|~*(1—|x|*/|y|*). We do
this for p=q and p=q’, and the result follows by interpolation.

Let p=q. We use the first part of Corollary 3 of Theorem 1. Define r by
1/p'=1/r+1/p. Then

(”Q(R(xo)—S(y))IR(xo)_S(y)l-,,(1_|71|_a) v ds)l,p.
= (f | Q(R(x0)—S(»))|? dS)”"( f ’ |R(x0) = S(»)| '"(1 —‘;7)

r 1/r
ds) :
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Note that the second factor is independent of R, and that

([ 10k@o-sopr as ar)” = jal,
Thus

U (f |Q(R(x0) — S(»))| R(x0) = S| ~™(1 = | y| = )| dS )P/P' dR)up
< 1011 bSO "=yl as)

We estimate this integral for |y| <3, 1<|y|=2 and 2<|y|. In the first domain
|xo—S(»)| ~"= 2" so the integral is <2"(1 — | y| ~%). In the third domain |x,—S(y)| ="
<2"| y| =" so the integral is £2"(1 —|y|~%)|y| =" In the middle domain we compute
in polar coordinates

f|x0—5(y)|-nr ds = fo I1+]y|2=2|y| cos 6] ~""|sin 6]~2 6

< fo |(1 — |y|)2+92| —nrizgn-2 40 — Cl].— Iyl I—nr+n—1.
Also |[1—|y|=%|=c|1—]y| | so the integral we are estimating is S¢|1—|y| |~V

Now to apply the criterion of Corollary 3 we must show that this integral is in
L*(|y|~™7). For |y| <% we require a<n/p’. For |y|>2 we require «> —n/p. For
3 <|y| <2 we require 1/r’ <1/(n—1), or in other words g¢>2(n—1).

The case p=gq’ is treated almost identically using the second criterion of Corollary
3 of Theorem 1. We omit the details.

REMARK. It is possible to interpolate between this result and Krée’s result. We
consider Sf as a bilinear operator depending on f and Q and we use multilinear
interpolation (this is best done within the framework of [4]). The fact that we
require the mean value of Q to be zero is a minor difficulty which may be over-
come by [20, Theorem 5.4}, for example. We thus obtain inequalities in p, ¢ and
« which express the fact that the point (1/p, 1/g, &) in R3 lies in the interior of the
convex hull of the points (1/p,1,1/p"), (1/p,1,—1/p), (1/p,1/r,n/p") and (1/p,1/r,—n/p)
where 1/r=min {1/p, 1/p'} for r>2(n—1) and 1 <p<co.

It seems likely that the condition > 2(n — 1) is not really necessary, but we have
not been able to prove this.

8. Is the fractional integration theorem ‘‘best possible’’? We begin with a weak
converse to the fractional integration theorem. Recall that two functions fand g
are called equimeasurable if their distribution functions A(¢)=m{x : |f(x)| >t}
and A(t)=m{y : |g(»)| >t} are equal almost everywhere.

THEOREM 7. Suppose that f is a function on R™ such that || g = h|,< A,|h|l, for
fixed p, q with | <p<q<oo, and every g equimeasurable with f. Then fe L *(R")
where 1/r=1/q+1/p’".
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Proof. Let (x) denote the characteristic function of the ball {|x|<s}, and let ¢
be the generic symbol for a constant that depends only on n, so that different
occurrences of ¢ may stand for different constants.

Take g to be the nonnegative radial function nonincreasing in |x|, which is
equimeasurable with f. Then the set {x : g(x)>¢} is the ball of radius cA/(¢)*»
about the origin. Thus g(x)Z=#fy(x) for s=cA,(r)}'™ Since i, * Phy(x)= cs™pyq(x)
we have g s ¢, cts™by,. But by hypothesis | g * ], Agll¢s]l,, Which implies
ts™s™1< cA,s™7 which simplifies to A(£) < (c4,/t)".

Thus there can be no condition on the distribution function A, alone that guaran-
tees | f* h|,< M |h|, and which is weaker than that of Theorem B. In this sense
Theorem B is best possible.

We may ask the same question for any locally compact abelian group. For the
torus groups 7™ and the lattice groups Z™ it is clear that Theorem 7 remains true
with almost the identical proof. In general we do not know the answer.

We may go a step further and ask if there are conditions on the absolute value
| f(x)| which imply | f* h|,< M |h|,. We reformulate this as follows:

ProBLEM. Characterize all positive operators from L? to L? which commute
with translations. Does the answer depend only on 1/p—1/g?

For p=gq the answer is known: convolutions with bounded, positive measures.
For p<g we do not know the answer. The following examples show, however,
that Theorem B is far from being the answer.

ExaMPLE 1. On the circle T there exist positive singular measures pu, with
Fourier-Steiltjes series > c,e'™* with ¢,= O(|n| %), for every o, 0<a <1, [12]. By
the Paley theorem on Fourier multipliers [21, II, p, 127] we must have |u * f|,
SM|f|,for 1<p<2=g<ooand l/r=1/p'+1/g=c.

ExXAMPLE 2. On R? the function f(x,, x3)=|x;X5| ~*/" has an everywhere infinite
distribution function, yet || f * g|,< M,| g|, for 1/p’+1/g=1/r, 1<p, g<oo. This
follows from the following “ Fubini-type” theorem:

PROPOSITION 2. Let G=G, D G,, G, Gy, Gy locally compact abelian groups.
Suppose f(x,y) is a function on G such that, for almost every y e G,, f(x, y) €
L>(Gy), and | (-, y)|vr+=p € L *(Gy), with norm M. Then | f * g|,< cM | g, for
l<p,g<o0, 1/r=1/p'+1/q.

Proof. By Theorem 2 (in fact Theorem B for G,)

q 1/q
(L dx) = C"f(‘ > }")"L"”(Gl)" g(-, y_y,)"L"(Gx)~
1
Thus by Minkowski’s inequality we have
If*g(, )’)"L%Gl) Sc J'G I/C, y')"z."”(Gl)” g(-, y—)")"z,"(al) ay’
2

which is a convolution on G,. To this convolution we again apply fractional inte-
gration to obtain

L SO YRl = X, y=y) dx’

17+ gle S el 1/C. Dler=eplirewal gl
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